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pLn ' HyperCR Einstein- Weyl equations in 2+1 dimensions reduce to a pair of quasi-linear PDEs 

, of hydrodynamic type. All solutions to this hydrodynamic system can be in principle constructed 

from a twistor correspondence, thus establishing the integrability. Simple examples of solutions 
including the hydrodynamic reductions yield new Einstein-Weyl structures. 

! 1 The Equation 

Let us consider a pair of quasi-linear PDEs 

CSJ ' Ut + Wy + UWx — WUx =0, Uy -\- Wx = 0, (1-1) 

> ■ 

■"sj" . for two real functions u = u{x, y, t), w — w{x, y, t). This system of equation has recently attracted 

(N ■ a lot of attention in the integrable systems literature 1^1 El E] • In |3] it arouse in a different 

context, as a symmetry reduction of the heavenly equation. 

The system shares many properties with two more prominent dispersionless integrable 

fT^ . equations: the dispersionless Kadomtsev-Petviashvili equation (dKP), and the SU {oo) Toda equa- 

' tion, but it is simpler in some ways. 

• Its Lax representation 

d ■ [L, M] = 0, where L = dt - wdx ~ Xdy, M = dy + udx ~ Xdx (1.2) 

> ■ 

. ^ , does not contain derivatives with respect to the spectral parameter A (the Lax pairs for SU {oo) 

' Toda, and dKP contain such terms). 

' • Consider a one-form 

e(A) = da; - udy + wdt + X{dy - udt) + A^dt. 

The system Hl.lf) is equivalent to the Frobcnius integrability condition 

e(A) Ade(A) = 0, (1.3) 

where d keeps A constant. This formulation is dual to the Lax representation (|1.2|) . because 
the distribution spanned by L and M can be defined as the kernel of e(A). The analogous dual 
formulations of dKP and SU {oo) Toda involve distributions defined by two-forms jlb[l21[ l5]. 
and are considerably more complicated. 

One of the aims of this paper is to provide a twistor description of Hl.l|l given by the following 
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Theorem 1.1 There is a one-to-one correspondence between the equivalence classes of solutions 
to Hl.l|l under point transformations, and complex surfaces ( twistor spaces ) Z such that 

• There exists a holomorphic fibration tt : Z — > CP^ . 

• There exists a three-parameter family of holomorphic sections of n with normal bundle 0(2) 

invariant under an anti-holomorphic involution t : Z > Z which fixes an equator of each 

section. 

The existence of the anti-holomorphic map t is required to construct real solutions to If 
one is merely interested in complex solutions, then the holomorphic fibration, and its 0(2) sections 
are all one needs. Theorem 11.11 provides a parametrisation of local solutions to a nonlinear eq. 
1)1.1(1 by a holomorphic data unconstrained by any equations. In this sense it resembles the Inverse 
Scattering Transform. It remains to be seen whether this Theorem can be implemented in practise 
to construct explicit new solutions to 1(1.1(1 . 

The proof of Theorem 11.11 will be postponed to Subsection 12.21 In the next Section we shall 
demonstrate that solutions of 1(1.1(1 can be used to construct Lorentzian Einstein- Weyl (EW) 
structures in three dimensions (formulae 1(2.6(1 '). All EW structures which admit a hyperboloid 
of Cauchy-Riemann structures locally arise form solutions to 1(1.1(1 . We shall give examples of 
new Einstein- Weyl spaces which arise in that way. In Subsection 13 we review the hydrodynamic 
reductions of 1(1. 1() . and use them to construct another class of Einstein- Weyl spaces. Finally, in 
Section 0] we study a hierarchy of commuting flows associated to ((1.1(1 . 

2 The Geometry 

Let be a 3-dimensional manifold with a torsion-free connection D, and a conformal structure 
[h] of signature (-1- H — ) which is compatible with D in a sense that 

Dh — oj (g) h 

for some one-form uj. Here h S [h] is a representative metric in a conformal class. If we change 
this representative hy h —> ip'^h, then u u -\- 2dlmp , where is a non- vanishing function on W. 
A triple {W, [h], D) is called a Weyl structure. The conformally invariant Einstein- Weyl equations 
are 

R(ab) = lRhab, a, 6,. .. = 1,2,3. (2.4) 

Here R(ab) is the symmetrised Ricci tensor of D, and R is the Ricci scalar. One can regard h and 
Lo as the unknowns in these equations. Once they have been found, the covariant differentiation 
w.r.t D is given by 

= Vx - ^(X «) + (1 - ■m)^ (g)V - h{uj, x)h), 

where x is a one-form of conformal weight m, and V is the Levi-Civita connection of h. 

It is well known [3 I13L IT^ that the EW equations are equivalent to the existence of a two 
dimensional family of surfaces Z C W which are null with respect to h, and totally geodesic with 
respect to D. This condition has been used in [S] to construct a Lax representation for EW equation. 
The details are as follows: Let Vi, V2, V3 be three independent vector fields on W, and let ei, 62, 63 
be the dual one-forms. Assume that 

= 62 (Xl 62 - 2(61 (g) 63 -I- 63 (g) 61) 

and some one-form lj give an EW structure. Let V{\) = Vi — 2AV2 + A^Vis where A G CP^. Then 
h(y{X), V{X)) = for all A € CP^ so V{X) determines a sphere of null vectors. The vectors Vi — AV2 
and V2 — AV3 form a basis of the orthogonal complement of V{\). For each A € CP^ they span a 
null two-surface. Therefore the Frobenius theorem implies that the horizontal lifts 

L^Vi~XV2+ Idx, M^V2- AV3 + mdx (2.5) 
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of these vectors to T{W x CP^) span an integrable distribution, and (|2.4|) is equivalent to 

[L, M] = aL + 13 M 

for some a, (3 which are hnear in A. The functions I and m are third order in A, because the Mobius 
transformations of CP^ are generated by vector fields quadratic in A. 

Let Wi, W4 be linearly dependent vector fields which span TW. Given a Lax representation 
[Wi — XW2,W3 — XW4] = 0, it is always possible to put it in the form H2.5|l with m = I = 0. 
Therefore the Lax pair (|1.2|) for equation is a special case of the Einstein- Weyl Lax pair H2.5|l . 
One finds that 

Vi ^ dt + udy + {u^ - w)dx., dy + ud^, V3 = d^, 

and 

[Vi -- XV2, V2 - XV3] = ~{V2{u) - XV3iu)){V2 ~ XVi) 

is equivalent to equation 

The dual one-forms (61,62,62) give a metric in the EW conformal class. The associated one- 
form can now be found such that the resulting Einstein- Weyl structure is 

h — (dy — uAtY — 4(da; — wh) + wdt)dt, w — Uxdy + {uux + 2uy)dt. (2-6) 

The Ricci scalar of D is i? = {3/8){ux)'^ , and the one-form 6(A) used in the dual formulation 
is e(A) = 61 + 2A62 + A^63. 

The absence of the vertical terms in the Lax pair implies that the Einstein-Weyl structure 
belongs to the Lorentzian analogue of the so called hyperCR class TP. The (Lorentzian) hyperCR 
EW spaces arise on the space of trajectories of tri-holomorphic conformal Killing vectors in four- 
dimensional manifolds with (pseudo) hyper-complex structure^ . Readers unfamiliar with the details 
of these pseudo-hyper-complex geometries in four-dimensions should note that the condition I = 
m = in 1)2. 5|l can be used as an equivalent definition of the hyperCR class, and can go directly to 
the statement of Theorem 12. II 

Any pseudo-hyper-complex conformal structure {[g], I, S,T) in four dimensions with a confor- 
mal Killing vector K gives rise to an EW structure ^1 E] defined by 

h:^\K\-^g-\K\~^K(g}K, to := 2\K\-'^ *g (K A dK), g e [g], (2.7) 

and all EW spaces arise form this construction. If the Killing vector K preserves the endomorphisms 
I, S, T, then the resulting EW structure (|2.7|l is called hyperCR. Conversely, given a hyperCR 
Einstein-Weyl structure {h, lu) one can construct the representative 17 of a pseudo-hyper-complex 
conformal class [g] by 

g^e'^{Vh-V-\dT + pf), (2.8) 
where T is a group parameter, and the function V and the one-form f3 solve the monopole equation 

*{dV+{l/2)ujV) = dp (2.9) 

(here * is taken with respect to h). There exists a special solution to 1)2.9(1 with (3 = —uj/2, such 
that the resulting metric is pseudo-hyper-Kahler (the two-forms associated to /, S, T are closed). 

^ A smooth real 4-dimensional manifold M equipped with three real endomorphisms I,S,T : TM TM of the 
tangent bundle satisfying the algebra of pseudo-quaternions 

is called pseudo-hyper-complex iff the almost complex structure J = al + bS + cT is integrable for any point of the 

hyperboloid — — — 1. A choice of a vector X £ TM defines a (-|- -| ) conformal structure [g] with an 

orthonormal frame X, IX, SX, TX. If this conformal structure admits a Killing vector K which preserves I, S, T, then 
the hyperboloid of complex structures J descends to a hyperboloid of Cauchy-Riemann (CR) structures on the space of 
orbits W of K. This justifies the terminology. 
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The details of all that are in ^T]. Minor sign changes are needed to apply the theory in signature 

(+ H ). The hyperCR EW structure were constructed out of symmetry reductions of heavenly 

equations in 0. 

We shall now show that the system arises as a symmetry reduction of the pseudo hyper- 
Kahler condition with by a general homothctic Killing vector, thus establishing the following result 

Theorem 2.1 All Lorentzian hyper CR Einstein-Weyl structures are locally of the form ()2.6|l . 
where u,w satisfy 

Proof. It follows form the work of Plebahski [23] that all pseudo hyper-Kahler (or ASD vacuum) 
metrics are locally of the form 

g = 2{dZAY + dWdX - QxxAX^ - QwdW^ + 2QxyAWAZ), (2.10) 

where (W, X, Y) are the local coordinates on the open ball in M*, and 8 ~ 0(VF, Z, X, Y) satisfies 
the second heavenly equation 

Qzy + Qwx + QxxQyy-Q\y = ^- (2.11) 

In an ASD vacuum the most general tri-holomorphic homothetic Killing vector K satisfies Cx^i — 
cSi, where Ck is the Lie derivative along K and Ei,S2,I]3 are three closed self-dual two forms 
corresponding to the complex structures. We can set c = 1 without loose of generality. In the 
coordinate system adopted to H2.10|l 

El = diy A AZ, S2 = dT4^ A dX + dZ A AY, 

and the residual freedom in the choice of coordinates can be used to set 

The Killing equations yield 

Ck{Qxx) ^-Qxx, CkOxy) = 0, CKiOYY) = Qyy- 
Let U and T be functions on such that K — d/dT and Ck[U) = 0. We can take 

r = ln(Z), u=-^. 

The compatibility conditions for the Killing equations imply the existence of G = G{Y, W, U) such 
that 

&XX — — e ^Guu, QxY — GyU: ^yy = —e'^Gyy. 
The heavenly equation (|2.11() becomes 

— {Gy — U Gyij) + Guw + GyyGuu ~ Gyu — 0, 

or (in terms of differential forms) 

- GyAY AAU AAW + UAGu A dC/ A dVK + AGu A dy A df7 + AGy A AGu A dVK. = (2.12) 
Define 

x = Gu, y^Y, t^-W, H{x,y,t)^xU{x,v,t)-G{Y,W,U{x,y,t)), 

and preform a Legendre transform 

AH = A{xU -G) = UAx - GyAY - GwAW 
= H^Ax + HyAy + HtAt. 
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Therefore 

U — Hx, Gy = —Hy, Gw = Ht- 
Differentiating these relations we find 



1 n H'^ 

Guu ^ j^, Gyu^-j^, GYY^-Hyy + -^. 



^xx ^^xx 



The differential equation for H{x,y,t) is obtained form 12.1211 

Hxt — {HxyHx — HyHxx) = Hyy. (2-13) 

This equation is equivalent to the system Hl.ljl which can be seen by setting u = H^, w — ^Hy. 

The metric (I2.1()|l can be written in the form H2.8|l where /i, uj are given by H2.()|l , and V = 
Ua;/2, /3 = —uj/2 satisfy the monopole equation l|2.9|) . We deduce that 1)2. 6|l is the most general EW 
space which arises on the space of orbits of tri-holomorphic homothety in pseudo-hyper-Kahler 
four manifold, and so it is the most general hyperCR EW space. 

□ 



2.1 Simple solutions 

Simple classes of solutions to yield nontrivial Einstein- Weyl structures, some of which appear 
to be new. 

• Let us assume that u and w in do not depend on y. One needs to consider the two 
cases w = Q and w = w(t) ^ separately. The corresponding equations can now be easily 
integrated to give (in the w ^ case one needs to change variables) 

h^{dy + Adtf-MxAt, u = A'dy + AA'At, (2.14) 

where A = A{x) is an arbitrary function. Some interesting complete solutions belong to 
this class. For example A — a^x, where a is a non-zero constant leads to the Einstein-Weyl 
structure on Thurston's Nil manifold x Setting x — a?x, and rescalling ft, by a 

constant factor gives 

h = a^{dy + xdtY - 4dMt, uj = a^{dy + xdt). 

In this simple case we can find a kernel of the Lax vector fields (|1.2I) (the twistor functions) 
to be A, V' = y + At — a^^ In (A — a^x). 

• Looking for f~independcnt solutions reduces (|1.1|) to a linear equation. Rewriting the resulting 
system of as 

dx A du — dy A dw = 0, da; A dw — [udw — wdu) /\dy ~ 0, 

and regarding x and y as functions of u and w yields a system of linear equation. One of 
these equations implies that y = —Fw, x = for some F — F{u, w), while the other equation 
yields 

FuU '^F^u^ WFyjyj 0. 

• The constraint Ux = Q leads to trivial EW spaces. One finds that u has to be linear in y, and 
the EW one-form lo is closed. It can therefore be set to be the conformal rescaling, and the 
EW structure is conformal to an Einstein metric. 
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2.2 Proof of Theorem (frTj) 

Given a real-analytic solution to we can complexify it, and and regard u and w as holomorphic 
functions of local complex coordinates {x, y, t) on a complex three-manifold W'^ . The twistor space 
Z for such solution is obtained by factoring F = x CP^ by the distribution L,M H1.2|l . This 
clearly has a projection q : F t-^ Z and we have a double fibration 

Z. 

The absence of vertical terms in L,AI shows that A descends from F to Z thus giving the holomor- 
phic projection n : Z — > CP^. Each point p £ W"^ determines a sphere Ip (a section of tt) made 
up of all the integral surfaces of L, M through p. The normal bundle of Ip in Z is N = TZ\i^/Tlp. 
This is a rank one vector bundle over CP^ , therefore it has to be one of the standard line bundles 
0{n). To see that n = 2, note that N can be identified with the quotient r*(TpM^''')/{span L, M}. 
In their homogeneous form the operators L, M have weight one, so the distribution spanned by 
them is isomorphic to the bundle 0(— 1). The definition of the normal bundle as a quotient 
gives a sequence of sheaves over CP^. 

— > (8) — >C^ — > N — >0 

and we see that N — 0(2), because the last map, is given explicitly by (Vi,V2, V3) 1-^ V{X) = 
Vi - 2XV2 + A^Va clearly projecting onto 0(2). 

If M, ui is a real solutions defined on a real slice W C W^, then one has an additional structure 
on Z: The real structure T{x,y,t) — (x,y,t) maps integral surfaces of L,M to integral surfaces, 
and therefore induces an anti-holomorphic involution t : Z Z. The fixed points of this involution 
correspond to real integral surfaces in W, and r-invariant 0(2) sections correspond to points in 
W. 

Conversely, let us assume that we are given a complex manifold Z with additional structures 
described in Theorem ll.il The general construction of Hitchin ^21 equips the moduli space W of 
0(2) rational curves with a real-analytic Einstein-Weyl structure: The Kodaira theorems imply 
that W is three dimensional. Two points in W are null-separated if the corresponding sections 
intersect at one point in Z. This defines the conformal structure [h]. To define a connection note 
that a direction at p G W corresponds to a one-dimensional space of 0(2) curves in Z which 
vanish at two points Zi and Z2. This gives distinguished curves in W which pass through null 
surfaces in W corresponding to Zi,Z2. There is one such curve through p and Hitchin defines it 
to be a geodesic. He moreover shows that the resulting connection is torsion-free, and that the 
Einstein-Weyl equations hold. 

This works for arbitrary complex surface with an embedded 0(2) rational curve. The additional 
structure in the statement of Theorem 11.11 is the holomorphic projection tt. Its existence implies 
that the resulting EW space is hyper-CR. Any holomorphic line bundle L — > 0(2) with Ci(L) = 
inherits the holomorphic projection to CP^. Lifts of holomorphic sections of Z — > CP^ to L are 
rational curves with normal bundle 0(1) ® 0(1). Therefore L is a twistor space of a pseudo-hyper- 
complex four-manifold M . This pseudo hyper-complex structure is preserved by a Killing vector 
which gives rise to a hyperboloid of CR structures on W. The Theorem 12.11 implies that (/i, w) are 
locally given by (|2.6|l . and we can read off {u,w) which solve equation (|l.lll . 

□ 

2.3 Geodesic Congruences 

Let (W, [h],D) be a 2-1-1 EW structure. A geodesic congruence F in a region in H^ C W is a set 
of geodesic, one through each point of W. Let x be a generator of F (a vector field tangent to 
F). The geodesic condition x"Dax'' ~ x'' implies Dax'^ = MJ' + Aax'' for some Aa, where Ma'' is 
orthogonal to x° on both indices. Consider the decomposition of Mab 

Mab — ^ab + + -Ohab- 
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The shear T,ab is trace-free and symmetric. The twist flab is anti-symmetric, and the divergence 
is is a weighted scalar. Here hab — HxlP^afc ~ XaXb is an orthogonal projection of hab- The 
shear-free geodesies congruences (SFC) exist on any Einstein- Weyl space. This follows from a 
three-dimensional version of Kerr's theorem which states that SFCs correspond to to holomorphic 
curves in the twistor space Z. On the other hand imposing the vanishing of the divergence of 
a congruence gives restrictions on EW structures, and implies that the EW space is hyperCR 
In the local coordinate system adopted in Theorem 12.11 {h,uj) are given by H2.5|l . and the 
shear-free, divergence free geodesic congruence is generated by a one form x = di. In accordance 
with the general theory of SFC on Einstein- Weyl spaces U, the preferred monopole proportional 
to the scalar twist k = *{x A Dx) — —Ux/4: will lead to a pseudo-hyper-Kahler metric with a 
tri-holomorphic homothety in four dimensions. This metric is explicitly given by H2.8|l . where 
V = —■^K,/3 = —Lu/2. Any other monopole yields a general pseudo-hyper-complex conformal 
structure with a tri-holomorphic symmetry. 



3 The hydrodynamic reductions 

The equation can be cast in a general quasi-linear vector form 

Uy + A(u)u, +B(u)ut =0, (3.15) 
where u = (u, w)'^ is a vector whose components depend on {x, y, t), and 

Au) ^ ( "... I ) . Bi.) ' « « 



A class of solutions to any equation of the form H3.15|l can be generated by assuming that u = 
u(i?^, i?-^), where i?* = i?*(a;, y, (the so called Riemann invariants) satisfy a pair of commuting 
systems of hydrodynamic type 

R\^-i\R)R\, R\^^i\R)R\, i = l,2,...,N (3.16) 

(the summation convention has been suspended in this section). The compatibility conditions for 
the system ()3.16|l yield 

0. = ^. (3.17) 



j3 - Y fi3 - ' ' dRi 
It turns out that the additional relations 



(and analogous relations for //*) hold. These conditions imply th existence of a diagonal metric 
g = ^ ■ gii{R)d{R^)'^ such that r*j — dj In {^/gTi) — (^jl^ I {l^ — 7*) are the contracted components 
of the Levi-Civita connection of g. 

If conditions H3.17|l are satisfied, the general solutions to 1)3.16(1 is implicitly given by the gener- 
alised hodograph formula of Tsarev |22] 

v\R) = x -f -i\R)y + fi\R)t, i = 1, N. 

Once 7* have been found, the functions (called the characteristic speeds) should be determined 
from the linear relations r*j = djV^/{v^ — w*),i 7^ j. Substituting this expression in H3.15|l shows 
that diU are eigenvectors of (A — 7/ — jiB) with zero eigenvalue. Therefore 7* and /i' satisfy the 
dispersion relation 

det(A - 7/ - ^S) = 0. (3.18) 
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Solutions to (|3.15|) obtained form this algorithm are known as the non-linear interactions of N 
planar simple waves. The procedure explained in this sections has been applied in |12l [TJ |S] to 
construct explicit solutions to various PDEs which admit a representation (|3.15() . 

Ferapontov and Khusnutdinova ,9^ define a hyperbolic system of the form (|3.15(l to be integrable 
if it possesses non-linear interactions of N planar simple waves parametrised by N arbitrary func- 
tions of one variable. They have demonstrated 10 that this definition of integrability is equivalent 
to the existence a scalar pseudo-potential formulation of the form 

where = ip{x,y,t) and P,Q are rational in ipx- This then implies that the integrable equations 
(|3.15|l arise as dispersionless (or quasiclassical) limits of non-linear PDEs solvable by Inverse Scat- 
tering Transform ,23, . These 'dispersive' PDEs are compatibility conditions for the overdetermined 
linear system 

my = P{d/dX)^, = Q{d/dX)^, 

where now P and Q are linear differential operators, and the dispersionless limits can be obtained 
by setting 

and taking the limit e — > 0. Finding a dispersive analogue of is an interesting open problem. 



3.1 Example 

According to Pavlov jI8j the hydrodynamic reductions of Ijl.!!! are characterised in a sense that 
explicit formulae for 7^^?), and can be found. This does not however lead to explicit (or 

even implicit) solutions to The constraints on a solution to imposed by the existence 

of TV-component reductions are not known. To this end, we shall work out the constraint, and the 
corresponding solution which arise form a one-component reduction. 

For = 1 we have u — u{R),w — w{R) where the scalar variable R — satisfies a pair 
of PDEs Ry = ''y{R)Rx, Rt — fJ-{R)Rx- AH integrability conditions hold automatically, and the 
dispersion relation H3.18|l yields 

fj. = w + ju + . 

Implicit differentiation of u, w with respect to [x, y, t), and eliminating [u' , w' , R^) gives a constraint 

UxWy ~ UyWx = (3.19) 

which characterises solutions to ()l.lfl arising form one-component hydrodynamic reductions. Using 
the relations 

*dt — dt /\ dy, *dy — 2dt A dx — udt A dy, *dx — 2wdy A dt + dy A dx + udt A da;, 

where * : A'^{W) — > A'^^'^(W^) is the Hodge operator associated to the EW structure 1)2. 6|l we find 
that the constraint H3.19|) is equivalent to the relation 

|dup := du A >i=du = 0. 

The solution can now easily be found by applying the Legendre transform. Regarding u and y as 
functions of {w,t,x) gives 

Ux = 0, u^=yx, u^Vt ~ UiVw - + uyx - w{u^yx - u^yw) = 0, 

where the first relation arises form the constraint H3.19|l . These equations can be integrated to give 
two classes of solutions 

1 at^ X — t 

ui^at + aw + -, yi ^ ax — + fi{w + t), U2 = 2 VuT+i , y2 = , + /2 (w + i) ■ 

a 2 y'w + 1 

where fi and /2 are arbitrary functions of one variable (one arbitrary function of t has been 
eliminated in each class by a redefinition of coordinates), and a is a non-zero constant. The resulting 
Einstein- Weyl spaces ()2.6|l can be written down explicitly, and are completely characterised by the 
condition |du| = 0. 
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4 The Hierarchy 



Consider a sphere of one-forms on an open set in M"+^ 

e(A) = dto + (A - Ho)dt, + (A^ - XHo - H^)dh + ... + (A" - A^-^iJo - ... - Aff„_2 - i?„-i)dt„, 

where H ^ H{to,ti, ...,tn), Ha = dH/dta and A G CP\ The system of PDEs 

e(A) Ad(e(A)) = (4.20) 

coincides with if n ^ 2,to ~ x, ti ^ y,t2 ~ t and u — H^, w = —Hy. If n > 2 then 1)4.20(1 is 
highly overdetermined, and the Cauchy data can be specified on a surface of co-dimension n — 1 
(rather than on a hypersurface). We shaU call this system a truncated hierarchy associated to Hl.l|l . 
Allowing infinite sums in e(A) would lead to the full hierarchy. The Frobenius theorem implies that 
an n-dimensional distribution of vector fields on x CP^ annihilating e(A) is in involution. 

This gives rise to the Lax representation. The vector fields 

d dH d B „ , 

La = Tr. + ^^-^7^' a = 0,...,n-l 4.21 

Ota+l Ota Oto Ota 

satisfy -La -I e(A) = 0, and the relations 
yield the commuting flows of the hierarchy 

H(a+l)b — ^^(b+l)a + HaHob — HhHoa ~ 0. (4.22) 

The Lax representation ((4.21(1 fits into a general class of Lax formulations recently introduced in 
|17[ . The Theorem 11.11 should generalise to solutions of 1(4.22(1 . The twistor space Z is a surface 
which arises as a factor space of C^i^CF^ by a complexified distribution ((4.21() . Repeating the steps 
of the proof of Theorem ll.il shows that the holomorphic fibration Z — > CP^ admits an {n + 1) 
family of holomorphic sections with normal bundle 0{n). The converse (recovering H(to, ti, i„)) 
form Z is however more difficult, because the vital relation 1(2.6(1 with Einstein- Weyl geometry is 
missing for n > 2. This interesting problem, and its connection with the quasiclassical d approach 
[T^ will be addressed elsewhere. 



Acknowledgements 

I thank Jenya Ferapontov for useful discussions about the hydrodynamic reductions. This research 
was partly supported by NATO grant PST.CLG.978984, and CONACYT grant 41993-F. 



References 

[1] Calderbank, D. M. J. Pedersen, H. (2000) Selfdual spaces with complex structures, Einstein- 
Weyl geometry and geodesies. Ann. Inst. Fourier (Grenoble) 50, no. 3, 921-963. 

[2] Cartan, E. (1943) Sur une classe d'espaces de Weyl, Ann. Sci. Ecole Norm. Supp. 60, 1-16. 

[3] Dunajski, M. (1998) The Nonlinear Graviton as an Integrable System^ DPhil thesis, Oxford. 

[4] Dunajski, M. (1999) The Twisted Photon Associated to Hyperhermitian Four Manifolds, 
J. Geom. Phys. 30, 266-281. 

[5] Dunajski, M. Mason, L.J., & Tod, K.P. (2001) Einstein-Weyl geometry, the dKP equation 
and twistor theory, J. Geom. Phys. 37, 63-92. 

[6] Dunajski, M. & Tod K.P. (2001) Einstein-Weyl Structures from Hyper-Kahler Metrics 
with conformal Killing Vectors, Diff. Geom. Appl. 14, 39-55. 



9 



Ferapontov E.V., Korotkin D.A. & Shramchcnko V.A. (2002) Boyer-Finley equation and 
systems of hydrodynamic type, Class. Quantum Grav. 19 L1-L6. 

Ferapontov, E. V. & Pavlov, M.P. (2003) Hydrodynamic reductions of the heavenly equation. 
Class. Quantum Grav. 20 1-13. 

Ferapontov, E.V. & Khusnutdinova, K.R. (2003), On the integrability of 2 + 1-dimensional 
quasilinear systems, |nlin. SI/0305044 to appear in Comm. Math. Phys. 

Ferapontov, E.V. & Khusnutdinova, K.R. (2003) The characterisation of two-component 
(2 + l)-dimensional quasilinear systems, nlin. SI/0310021 

Gauduchon, P. & Tod K.P. (1998) Hyper-Hermitian metrics with symmetry. Journal of 
Geometry and Physics 25 291-304. 

Gibbons J. & Tsarev S.P. (1996) Reductions of the Benney equations, Phys. Lett. A 211 
19-24. 

Hitchin, N.(1982) Complex manifolds and Einstein's equations, in Twistor Geometry and 
Non-Linear systems, Springer LNM 970, ed. Doebner, H.D. & Palev, T.D.. 

Jones, P. & Tod, K.P. (1985) Minitwistor spaces and Einstein- Weyl spaces. Class. Quantum 
Grav. 2 565-577. 

Konopelchenko, B.C., Martinez Alonso, L. & Ragnisco, O. (2001) , The (3-approach to the 
dispersionless KP hierarchy, J. Phys. A 34, no. 47 10209-10217. 

Krichever, I. M. (1994) The r-function of the universal Whitham hierarchy, matrix models 
and topological field theories. Comm. Pure Appl. Math. 47 no. 4, 437-475. 

Martinez Alonso, L. & Shabat, A.B. (2003) Towards a theory of differential constraints of 
a hydrodynamic hierarchy J. Nonlinear Math. Phys., 10, no. 2 229-242. 

Pavlov, M.V. (2003) Integrable hydrodynamic chains, J. Math. Phys. 44, no. 9 

Pedersen, H. & Tod, K.P. (1993) Three-Dimensional Einstein-Weyl Geometry, Adv. in 
Math. 97 74-109. 

Plebahski, J. F. (1975) Some solutions of complex Einstein Equations, J. Math. Phys. 16 
2395-2402. 

Takasaki, K. & Takebe, T.(1995) Integrable Hierarchies and Dispersionless Limit, Rev. 
Math. Phys. 7 743-808. 

Tsarev, S. P. (1990) Geometry of hamiltonian systems of hydrodynamic type. Generalized 
hodograph method, Izvestija AN USSR Math. 54, no. 5 1048-1068. 

Zakharov, E.V. (1994) Dispersionless limit of integrable systems in 2 + 1 dimensions, in 
Singular Limits of Dispersive Waves, Ed. N.M. Ercolani et al.. Plenum Press, NY, 165-174. 



10 



